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SEMIFREE CIRCLE ACTIONS, BOTT TOWERS, AND
QUASITORIC MANIFOLDS
MIKIYA MASUDA AND TARAS PANOV
Abstrat. A Bott tower is the total spae of a tower of bre bun-
dles with base CP 1 and bres CP 1. Every Bott tower of height n is a
smooth projetive tori variety whose moment polytope is ombinatori-
ally equivalent to an n-ube. A irle ation is semifree if it is free on
the omplement to xed points. We show that a (quasi)tori manifold
(in the sense of DavisJanuszkiewiz) over an n-ube with a semifree
irle ation and isolated xed points is a Bott tower. Then we show
that every Bott tower obtained in this way is topologially trivial, that
is, homeomorphi to a produt of 2-spheres. This extends a reent re-
sult of Ilinskii, who showed that a smooth ompat tori variety with
a semifree irle ation and isolated xed points is homeomorphi to a
produt of 2-spheres, and makes a further step towards our understand-
ing of a problem motivated by Hattori's work on semifree irle ations.
Finally, we show that if the ohomology ring of a quasitori manifold
(or Bott tower) is isomorphi to that of a produt of 2-spheres, then the
manifold is homeomorphi to the produt.
1. Introdution
In their study of symmetri spaes Bott and Samelson [1℄ introdued a
family of omplex manifolds obtained as the total spaes of iterated bundles
over CP 1 with bre CP 1. Grossberg and Karshon [8℄ showed these manifolds
to arry an algebrai torus ation, therefore onstituting an important family
of smooth projetive tori varieties, and alled them Bott towers. The study
of Bott towers has been signiantly developed by Civan and Ray in [6℄ by
enumerating the invariant stably omplex strutures and alulating their
omplex and real K-theory rings, and obordisms.
An ation of a group is alled semifree if it is free in the omplement
to xed points. A partiularly interesting lass of Hamiltonian semifree
irle ations was studied by Hattori, who proved in [9℄ that a ompat
sympleti manifold M with a semifree Hamiltonian S1-ation with non-
empty isolated xed point set has the same ohomology ring and the same
Chern lasses as S2× . . .×S2, thus imposing a severe topologial restrition
on the topologial struture of the manifold. Hattori's results were further
extended by Tolman and Weitsman, who showed in [13℄ that a semifree
sympleti S1-ation with non-empty isolated xed point set is automatially
Hamiltonian, and the equivariant ohomology ring and Chern lasses of M
also agree with those of S2 × . . . × S2. In dimensions up to 6 it is known
1991 Mathematis Subje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ation. Primary 57S15; Seondary 14M25.
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that a sympleti manifold with an S1-ation satisfying the properties above
is homeomorphi to a produt of 2-spheres, but in higher dimensions the
topologial lassiation remains open.
Ilinskii onsidered in [16℄ an algebrai version of the above question on
semifree sympleti S1-ations. Namely, he onjetured that a smooth om-
pat omplex algebrai variety X with a semifree ation of the algebrai
1-torus C∗ with positive number of isolated xed points is homeomorphi
to CP 1 × . . . × CP 1. The algebrai and sympleti versions of the onje-
ture are related via the ommon sublass of projetive varieties; a smooth
projetive variety is a sympleti manifold. Ilinskii proved the tori version
of his algebrai onjeture, namely, the ase when X is a tori manifold (a
non-singular ompat tori variety) and the semifree 1-torus is a subgroup of
the ating torus (of dimension dimCX). The rst step of Ilinskii's argument
was to show that if X admits a semifree subirle with isolated xed points,
then the orresponding fan is ombinatorially equivalent to the fan over the
faes of a rosspolytope. A result of Dobrinskaya [15℄ implies that suh X is
a Bott tower, and this was the starting point in our study of semifree irle
ations on Bott towers and related lasses of manifolds with torus ation,
suh as the quasitori manifolds. This lass of manifolds was introdued by
Davis and Januszkiewiz in [7℄ (they used the name tori manifolds, whih
we prefer to save for non-singular ompat tori varieties as above). A
quasitori manifold is a ompat manifold M of dimension 2n with a loally
standard ation of an n-dimensional torus Tn = S1 × . . . × S1 whose orbit
spae is a simple polytope P . Reently quasitori manifolds have attrated
substantial interest in the emerging eld of tori topology; we review their
onstrution in Setion 3, for a more detailed aount see [2, Ch. 5℄.
A projetive tori manifold with the moment polytope P is a quasitori
manifold over P , and a Bott tower is a tori manifold with the moment poly-
tope ombinatorially equivalent to a ube (or simply a tori manifold over a
ube). We therefore have the following hierarhy of lasses of manifolds M
with an ation of Tn:
(1.1) Bott towers ⊂ Tori manifolds over ubes
⊂ Quasitori manifolds over ubes.
By the above mentioned result of Dobrinskaya [15℄, the rst inlusion above is
in fat an identity (we explain this in Corollary 3.5). We proeed in Setions 4
and 5 by obtaining two results relating semifree irle ations on Bott towers,
their topologial struture, and ohomology rings. In Theorem 4.4 we show
that if a Bott tower admits a semifree S1-ation with isolated xed points,
then it is S1-equivariantly homeomorphi to a produt of 2-spheres. We also
show in Theorem 5.1 that a Bott tower with the ohomology ring isomorphi
to that of a produt of spheres is homeomorphi to the produt. Both results
are then extended to a muh more general lass of quasitori manifolds over
ubes (Theorems 4.8 and 5.7 respetively), whih also allows us to dedue
Ilinskii's result on semifree 1-dimensional algebrai torus ations on tori
varieties (Corollary 4.9).
Sine a ohomology isomorphism implies a homeomorphism in the ase
of produt of spheres, we may ask a question of whether the ohomology
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ring detets the homeomorphism type of a Bott tower or quasitori manifold
in general. Some progress in this diretion has been ahieved in upoming
work [5℄ in the ase of quasitori manifolds over a produt of simplies, whih
an be onsidered as an intermediate stage between quasitoris over a ube
and the full generality.
It would be interesting to obtain smooth analogues of our lassiation re-
sults. In the ase of Bott towers our homeomorphisms are atually dieomor-
phisms (see Theorem 4.4 or Theorem 5.1), but some of our key arguments
with quasitori manifolds do not work in the smooth ategory. Although
quasitori manifolds are neessarily smooth [7, p. 421℄, the main problem
here is that the original Davis and Januszkiewiz's lassiation result [7,
Prop. 1.8℄ establishes only an equivariant homeomorphism between a qua-
sitori manifold and the anonial model determined by the polytope and the
harateristi funtion. As the onsequene, we don't know if there are exoti
equivariant smooth strutures, even on 4-dimensional quasitori manifolds.
(A anonial equivariant smooth struture, oiniding with the standard one
in the tori ase, is desribed in [3, 4℄.)
All the ohomology groups in the paper are taken with Z oeients,
unless otherwise speied.
The authors are grateful to Natalia Dobrinskaya and Dong Youp Suh
for informal disussions of quasitori manifolds over ubes and produs of
simplies, and apologise for the improper referenes to [15℄ in the rst version
of the text. We also thank Takahiko Yoshida, who pointed out the diulty
in the smooth ategory for quasitori manifolds. The seond author wishes
to thank Nigel Ray for introduing him to the study of Bott towers and
illuminating disussions of the subjet. Seond author's thanks also go to
Dmitri Timashev for drawing his attention to work of Ilinskii [16℄, whih
enouraged us to onsider several related problems on semifree irle ations.
2. Bott towers
We briey review the denitions here, following [8℄ and [6℄, where a reader
may nd a muh more detailed aount of the history and appliations of
Bott towers.
Denition. A Bott tower of height n is a sequene of manifolds (B2k : k 6 n)
suh that B2 = CP 1 and B2k = P (C ⊕ ξk−1) for 1 < k 6 n where P (·)
denotes omplex projetivisation, ξk−1 is a omplex line bundle over B
2(k−1)
and C is a trivial line bundle. In partiular, we have a bundle B2k → B2(k−1)
with bre CP 1.
We shall also use the same name Bott tower for the last stage B2n in
the sequene; it follows from the denition that B2n is a omplex manifold
obtained as the total spae of an iterated bundle with bre CP 1. Bott towers
of (real) dimension 4 are known as Hirzebruh surfaes.
The standard results on the ohomology of projetivised bundles lead to
the following desription of the ohomology ring of a Bott tower (see e.g. [6,
Cor. 2.9℄).
Lemma 2.1. The ohomology of B2k is a free module over H∗(B2(k−1)) on
generators 1 and uk, whih have dimensions 0 and 2 respetively; the ring
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struture is determined by the single relation
u2k = c1(ξk−1)uk,
and the restrition of uk to the bre CP
1 ⊂ B2k is the rst Chern lass of
the anonial line bundle over CP 1.
We set u1 to be the anonial generator of H
2(CP 1) (the rst Chern lass
of the anonial line bundle). The Bott tower is therefore determined by the
list of integers (aij : 1 6 i < j 6 n), where
(2.1) u2k =
k−1∑
i=1
aikuiuk, 1 6 k 6 n.
The ohomology ring of B2n is the quotient of Z[u1, . . . , un] by relations
(2.1).
It is onvenient to organise the integers aij into an n×n upper triangular
matrix,
(2.2) A =


−1 a12 · · · a1n
0 −1 · · · a2n
.
.
.
.
.
.
.
.
.
.
.
.
0 0 · · · −1

 .
Example 2.2. When n = 2, the Bott tower B4 is determined by a single
line bundle ξ1 over CP
1
. We have ξ1 = γ
m
for some m ∈ Z where γ is
the anonial line bundle over B2 = CP 1, and so the ohomology ring is
determined by the relations u21 = 0 and u
2
2 = mu1u2. It is well-known that
P (C⊕ γm) ∼= P (C⊕ γm
′
) if and only if m ≡ m′ (mod 2),
where
∼= means dieomorphi. The proof goes as follows. We note that
P (E) ∼= P (E⊗η) for any omplex line bundle η. Suppose m ≡ m′ (mod 2).
Then m′ −m = 2ℓ for some ℓ ∈ Z and we have dieomorphisms
P (C⊕ γm) ∼= P ((C ⊕ γm)⊗ γℓ) = P (γℓ ⊕ γm+ℓ).
Here both γℓ ⊕ γm+ℓ and C⊕ γm
′
are over CP 1 and have equal rst Chern
lass, so they are isomorphi. Hene the last spae above is P (C⊕ γm
′
). On
the other hand, it is not diult to see that if H∗(P (C⊕ γm)) ∼= H∗(P (C⊕
γm
′
)) as rings, then m ≡ m′ (mod 2).
This example shows that the ohomology ring determines the topologial
type of a Bott tower B2n for n = 2. A ase-to-ase analysis based on a
lassiation result of [15, 3℄ shows that this is also the ase for n = 3. So
we may ask the following question.
Problem 2.3. Are Bott towers B2n1 and B
2n
2 homeomorphi if H
∗(B2n1 )
∼=
H∗(B2n2 ) as rings?
We investigate this question further in Setion 5, where a partial answer
is given.
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3. Quasitori manifolds
Davis and Januszkiewiz introdued in [7℄ a lass of 2n-dimensional man-
ifolds M with an ation of n-dimensional torus T . They required the ation
to be loally standard (loally isomorphi to the standard T -representation
in Cn) and the quotient spae M/T to be homeomorphi to a simple n-
dimensional polytope P , so there is a projetion π : M → P whose bres
are orbits of the ation. Davis and Januszkiewiz desribe their manifolds as
tori; more reently, the term quasitori has been adopted, to avoid onfu-
sion with the non-singular ompat tori varieties of algebrai geometry. We
follow this onvention below, and refer to suh M as quasitori manifolds,
saving the term tori manifolds to desribe non-singular ompat tori va-
rieties. We note that a projetive tori manifold is a quasitori manifold; for
more disussion of the relationship between the two lasses see [2, Ch. 5℄.
Let m denote the number of faets (odimension-one faes) of P ; we order
the faets so that the rst n of them meet at a vertex. We denote the faets by
Fi for 1 6 i 6 m, and denote F the set of all faets. The preimage π
−1(Fi) is
a onneted odimension-two submanifold of M , xed pointwise by a irle
subgroup of T . We denote it by Mi and refer to it as the harateristi
submanifold orresponding to Fi, for 1 6 i 6 m. An omniorientation [4℄
of M onsists of a hoie of orientation for M and for eah harateristi
submanifold.
Let N denote the integer lattie of one-parameter irle subgroups in T ,
so we have N ∼= Zn. Given a harateristi submanifold Mj , we denote by λj
a primitive vetor in N that spans the irle subgroup TMj ⊂ T xing Mj .
The vetor λj is determined up to sign. The orrespondene λ : Fj 7→ λj was
alled in [7℄ the harateristi funtion orresponding to M .
The omniorientation allows us to interpret the harateristi funtion as
a linear map λ : ZF → N . This is done as follows. First, we notie that an
ation of a one-parameter irle subgroup of T determines an orientation for
the normal bundle νj of the embedding Mj ⊂M . The omniorientation of M
also provides an orientation for νj by means of the following deomposition
of the tangent bundle:
τ(M)|Mj = τ(Mj)⊕ νj .
Now we hoose the primitive vetors λj so that the two orientations of νj
oinide for 1 6 j 6 m.
In general, there is no anonial hoie of an omniorientation forM . How-
ever, if M admits a T -equivariant almost omplex struture, then a hoie of
suh a struture provides a anonial way of orienting M and normal bun-
dles νj for 1 6 j 6 m, thereby speifying an omniorientation assoiated with
the equivariant almost omplex struture. In what follows we shall always
hoose the assoiated omniorientation if M is equivariantly almost omplex
(in partiular, if M is a tori manifold); otherwise we shall x an arbitrary
omniorientation.
By denition, the harateristi funtion satises the non-singularity on-
dition: λj1 , . . . , λjn is a basis of N whenever the intersetion Fj1 ∩ . . . ∩ Fjn
is non-empty. So we may use the vetors λ1, . . . , λn to dene a basis for N ,
thereby identifying it with Zn, and represent the map λ by an n×m integral
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matrix of the form
(3.1) Λ =


1 0 . . . 0 λ1,n+1 . . . λ1,m
0 1 . . . 0 λ2,n+1 . . . λ2,m
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . 1 λn,n+1 . . . λn,m

 .
It is often onvenient to partition Λ as (E | Λ⋆), where E is a unit matrix
and Λ⋆ is n× (m−n). For any other vertex Fj1 ∩ . . .∩Fjn the orresponding
olumns λj1 , . . . , λjn form a basis for Z
n
, and have determinant ±1. We refer
to (3.1) as the rened form of harateristi matrix Λ, and all Λ⋆ its redued
submatrix.
Having hosen a basis for N , we may identify our torus T with the stan-
dard produt of unit irles in Cn:
(3.2) Tn = {(e2πiϕ1 , . . . , e2πiϕn) ∈ Cn},
where (ϕ1, . . . , ϕn) runs over R
n
. We shall also denote a generi point of Tn
by (t1, . . . , tn). The irle subgroup xing Mj an now be written as
(3.3) TMj = {(t
λ1j , . . . , tλnj ) = (e2πiλ1jϕ, . . . , e2πiλnjϕ) ∈ Tn}, 1 6 j 6 m
where ϕ ∈ R and t = e2πiϕ.
Remark. Not every tori manifold X is a quasitori manifold, as the quotient
X/T may fail to be a simple polytope (although it is a simple polytope
when X is projetive). Nevertheless, X has harateristi submanifolds Xj
(T -invariant divisors), and there is a anonial omniorientation indued from
the omplex strutures on X and Xj . Therefore, the harateristi matrix
Λ and its redued submatrix Λ⋆ are dened for every tori manifold X. The
vetors λj are the primitive vetors along the edges of the fan orresponding
to X.
Let vj denote the lass in H
2(M) dual to the fundamental lass of Mj ,
1 6 j 6 m. Aording to [7, Th. 4.14℄, the ring H∗(M) is generated by
v1, . . . , vm, modulo two sets of relations. The rst set is formed by the
monomial relations whih arise from the StanleyReisner ideal of P ; the
seond set onsists of linear relations determined by the harateristi matrix:
(3.4) vi = −λi,n+1vn+1 − . . . − λi,mvm for 1 6 i 6 n.
It follows that vn+1, . . . , vm sue to generate H
∗(M) multipliatively.
Two quasitori manifoldsM1 andM2 are said to be weakly T -equivariantly
homeomorphi (or simply weakly T -homeomorphi) if there is an automor-
phism θ : T → T and a homeomorphism f : M1 → M2 suh that f(t · x) =
θ(t) · f(x) for every t ∈ T and x ∈ M1. If θ is identity, then M1 and M2
are T -homeomorphi. Following Davis and Januszkiewiz, we say that two
quasitori manifolds M1 and M2 over the same P are equivalent if there is
a weak T -homeomorphism f : M1 → M2 overing the identity on P . By [7,
Prop. 1.8℄, a quasitori manifold M over P is determined up to equivalene
by its harateristi funtion λ. This follows from the basi onstrution
providing a quasitori manifold M(λ), whih depends only on P and λ,
together with a T -equivariant homeomorphism M(Λ) → M overing the
identity on P .
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Let cf(P ) denote the set of harateristi funtions on the faets of P , that
is, the set of maps λ : F → N satisfying the non-singularity ondition. The
group GL(N ) ∼= GL(n,Z) of automorphisms of the lattie N ats on the set
cf(P ) from the left (an automorphism g : N → N ats by omposition λ 7→
g · λ). Sine automorphisms of the lattie N orrespond to automorphisms
of the torus T , there is a one-to-one orrespondene
(3.5) GL(N )\ cf(P )←→ {equivalene lasses of M over P}.
One may assign an n × m-matrix Λ to an element λ ∈ cf(P ) by ordering
the faets and hoosing a basis for N , as we did above. A hoie of matrix
Λ in the rened form (3.1) an now be regarded as a hoie of a spei
representative of the left oset lass in GL(N )\ cf(P ). If a harateristi
matrix is given in an unrened form Λ = (A | B), where A is n × n and B
is n × (m − n), then the rened representative in its oset lass is given by
(E | A−1B).
A quasitori manifold over P an be obtained as the quotient of the
moment-angle manifold ZP by a freely ating (m−n)-dimensional torus sub-
group of Tm determined by the kernel of the harateristi map λ : Zm → N ,
see [7℄, [2, Ch. 6℄. The moment-angle manifold ZP embeds into C
m
as a om-
plete intersetion ofm−n real quadrati hypersurfaes [3, 3℄. It follows that
both ZP andM are neessarily smooth, but we don't know if this equivariant
smooth struture on M is unique (see the disussion in the Introdution).
We are partiularly interested in the ase when the quotient polytope
P = M/Tn is the n-ube In. Then m = 2n and we shall additionally
assume that the faets Fj and Fn+j are opposite (i.e., do not interset) for
1 6 j 6 n. In the ase P = In the moment-angle manifold is the produt of
n three-dimensional spheres, embedded in C2n as
{(z1, . . . , z2n) ∈ C
2n : |zj |
2 + |zn+j |
2 = 1 for 1 6 j 6 n}.
The quotient (S3)n/T2n by the oordinatewise ation is a ube In. The n-
dimensional subtorus T (Λ) ⊂ T2n determined by the kernel of harateristi
map (3.1) is given by
(3.6) (t1, . . . , tn) 7→ (t
−λ1,n+1
1 t
−λ1,n+2
2 · · · t
−λ1,2n
n , . . . ,
t
−λn,n+1
1 t
−λn,n+2
2 · · · t
−λn,2n
n , t1, t2, . . . , tn).
It ats freely on (S3)n, and the quotient (S3)n/T (Λ) is the quasitori man-
ifold M determined by Λ. The n-dimensional torus T2n/T (Λ) ∼= Tn ats
on (S3)n/T (Λ) ∼= M with quotient In. In oordinates, (t1, . . . , tn) ∈ T
n
ats on the equivalene lass [z1, . . . , z2n] ∈ (S
3)n/T (Λ) as multipliation by
(t1, . . . , tn, 1, . . . , 1).
Proposition 3.1. A Bott tower arries a natural torus ation turning it
into a quasitori manifold over a ube with the redued submatrix Λ⋆ = A
t
,
see (2.2) and (3.1).
Proof. As it is shown in [6, Prop. 3.1℄, the Bott tower orresponding to (2.2)
an be obtained as the quotient of (S3)n by an n-dimensional subtorus of
T2n dened by the inlusion
(t1, . . . , tn) 7→ (t1, t
−a12
1 t2, . . . , t
−a1n
1 t
−a2n
2 · · · t
−an−1,n
n−1 tn, t1, t2, . . . , tn).
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It remains to note that this oinides with T (Λ) from (3.6) for Λ⋆ = A
t
. 
Remark. The StanleyReisner relations for the n-ube are vivi+n = 0, 1 6
i 6 n. These relations together with (3.4) give (2.1) for Λ⋆ = A
t
and
ui = vi+n, 1 6 i 6 n.
By denition, a Bott tower is a omplex manifold. A non-ompat version
of (3.6) was used in [8℄ to desribe Bott towers as non-singular projetive
tori varieties. The two approahes are related in [6, 2℄.
Given a permutation σ of n elements, denote by P (σ) the orresponding
n × n permutation matrix, whih has units in positions (σ(i), i) for 1 6
i 6 n, and zeros elsewhere. There is an ation of the symmetri group
on n × n matries by onjugations A 7→ P (σ)−1AP (σ) or, equivalently, by
permutations of the rows and olumns of A.
Proposition 3.2. A quasitori manifold M over a ube with redued sub-
matrix Λ⋆ is equivalent to a Bott tower if and only if Λ⋆ an be onjugated
by a permutation matrix to an upper triangular matrix.
Proof. Assume that Λ⋆ an be onjugated by a permutation matrix to an
upper triangular matrix. Consider the ation of Sn on the set of faets of I
n
by permuting the pairs of opposite faets. A reordering of faets orresponds
to reordering of olumns in the n×2n harateristi matrix Λ, so an element
σ ∈ Sn ats as
Λ 7→ Λ ·
(
P (σ) 0
0 P (σ)
)
.
This ation does not preserve the rened form of Λ, as (E | Λ⋆) beomes
(P (σ) | Λ⋆P (σ)). The rened representative in the left oset lass (3.5) of
the latter matrix is given by (E | P (σ)−1Λ⋆P (σ)). (In other words, we have
to ompensate the permutation of pairs of faets by an automorphism of Tn
permuting the oordinate subirles to keep the harateristi matrix in the
rened form.) This implies that the permutation ation on the pairs of op-
posite faets indues the onjugation ation on the redued submatries. So
we may assume, up to equivalene, that M has an upper triangular redued
submatrix Λ⋆. The non-singularity ondition guarantees that the diagonal
entries of Λ⋆ are ±1, and we an set all of them to −1 by hanging the om-
niorientation of M if neessary. Now, M and the Bott tower orresponding
to the matrix A = Λt⋆ have the same harateristi matries Λ by Propo-
sition 3.1. Therefore, they are equivalent by [7, Prop. 1.8℄. The opposite
statement follows from Proposition 3.1. 
It is now lear that not all quasitori manifolds over a ube are Bott
towers. For example, a 4-dimensional quasitori manifold over a square with
redued submatrix Λ⋆ =
(
−1 −2
−1 −1
)
is not a Bott tower, as Λ⋆ annot be
onjugated to an upper triangular matrix. (The orresponding manifold is
homeomorphi to CP 2#CP 2, and therefore does not even admit a omplex
struture [7℄.)
Given a k-element subset {i1, . . . , ik} of n elements, the orresponding
prinipal minor of a square n-matrix A is the determinant of the subma-
trix formed by elements in olumns and rows i1, . . . , ik. For Bott towers,
SEMIFREE CIRCLE ACTIONS, BOTT TOWERS, AND QUASITORIC MANIFOLDS 9
Proposition 3.1 ensures that all prinipal minors of the matrix −Λ⋆ equal 1;
while for arbitrary quasitori manifolds the non-singularity ondition only
guarantees that every prinipal minor of Λ⋆ is ±1.
Reall that an upper triangular matrix is unipotent if all its diagonal
entries are unit. The following key tehnial lemma an be retrieved from
the proof of a muh more general result of Dobrinskaya [15, Th. 6℄. We give
a slightly more expanded proof here for the sake of ompleteness.
Lemma 3.3 ([15℄). Let R be a ommutative integral domain with an identity
element 1, and let A be an n × n matrix with entries in R. Suppose that
every proper prinipal minor of A is 1. If detA = 1, then A is onjugate by
a permutation matrix to a unipotent upper triangular matrix, and otherwise
to a matrix of the form
(3.7)


1 b1 0 . . . 0
0 1 b2 . . . 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . 1 bn−1
bn 0 . . . 0 1


where bi 6= 0 for every i.
Proof. Every diagonal entry of A must be 1. We say that the i-th row is
elementary if its i-th entry is 1 and others are 0. Assuming by indution
that the theorem holds for matries of size (n − 1), we dedue that A itself
is onjugate to a unipotent upper triangular matrix if and only if it ontains
an elementary row. Denote by Ai the square matrix of size (n− 1) obtained
by removing the i-th olumn and row from A.
We may assume by indution that An is a unipotent upper triangular
matrix. Now we apply the indution assumption to A1. The permutation
of rows and olumns turning A1 into a unipotent upper triangular matrix
turns A into an almost unipotent upper triangular matrix; the latter may
have only one non-zero entry below the diagonal, and it must be in the
rst olumn. If this non-zero entry is not an1, then the n-th row of A
is elementary, and A is onjugate to a unipotent upper triangular matrix.
Therefore, we may assume that
A =


1 ∗ ∗ . . . ∗
0 1 ∗ . . . ∗
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . 1 bn−1
bn 0 . . . 0 1


,
where bn−1 6= 0 and bn 6= 0 (otherwise A has an elementary row). Now let
a1j1 be the last non-zero non-diagonal entry in the rst row of A. If A does
not have an elementary row, the we may dene indutively ajiji+1 as the last
non-zero non-diagonal entry in the ji-th row of A. Clearly, we have
1 < j1 < . . . < ji < ji+1 < . . . < jk = n
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for some k < n. Now, if ji = i+1 for i = 1, . . . , n−1, then A is matrix (3.7)
with bi = aji−1ji , i = 1, . . . , n− 1. Otherwise, the submatrix
S =


1 a1j1 0 . . . 0
0 1 aj1j2 . . . 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 . . . 1 ajk−1n
bn 0 . . . 0 1


of A, formed by olumns and rows 1, j1, . . . , jk, is proper and has determinant
1± bn
∏
ajiji+1 6= 1. This ontradition nishes the proof. 
The following theorem is not new; the equivalene a)⇔ b) is a partiular
ase of [15, Th. 6℄, while b) ⇔ c) was disussed (in a more general ase of
quasitori manifolds over arbitrary polytopes) in [11℄ and [2, Prop. 5.53℄. We
give a proof beause it is needed in the next setions.
Theorem 3.4. Let M be a quasitori manifold over a ube, and Λ⋆ the
orresponding redued submatrix. The following onditions are equivalent:
a) M is equivalent to a Bott tower;
b) all prinipal minors of −Λ⋆ are 1;
) M has a Tn-equivariant almost omplex struture (with the assoiated
omniorientation).
Proof. The impliation b)⇒ a) follows from Lemma 3.3 and Proposition 3.2.
The impliation a) ⇒ ) is obvious. Let us prove ) ⇒ b). First, we reall
from [11, 4℄, [15℄ and [17℄ the denition of the sign σ(p) for a xed point of
the Tn-ation on M . Every xed point p an be obtained as the intersetion
Mj1 ∩ . . . ∩Mjn of n harateristi submanifolds, and orresponds to the
vertex of P obtained as the intersetion Fj1 ∩ . . . ∩ Fjn of the orresponding
faets. The tangent spae to M at p therefore deomposes into the sum of
normal subspaes to Mjk for 1 6 k 6 n:
(3.8) τp(M) = νj1 |p ⊕ . . . ⊕ νjn |p.
The omniorientation ofM provides two dierent ways of orienting the above
spae; we set σ(p) = 1 if these two orientations oinide and σ(p) = −1
otherwise. This sign an be alulated in terms of P and harateristi
matrix Λ as
(3.9) σ(p) = sign
(
det(λj1 , . . . , λjn) · det(aj1 , . . . , ajn)
)
(see [17, 1℄), where ai denotes a normal vetor to the faet Fi pointing
inside the polytope. Now, if P = In, then every xed point p orresponds to
a vertex given as
Fi1 ∩ . . . ∩ Fik ∩ Fn+l1 ∩ . . . ∩ Fn+ln−k
for some 1 6 i1 < . . . < ik 6 n and 1 6 l1 < . . . < ln−k 6 n, and we
may hoose ai = ei (the ith basis vetor) for 1 6 i 6 n and aj = −ej for
n+ 1 6 j 6 2n. Thus, the expression in the right hand side of (3.9) equals
the prinipal minor of −Λ⋆ formed by the olumns and rows with numbers
l1, . . . , ln−k. It remains to notie that in the almost omplex ase the two
orientations in (3.8) oinide, so the sign of every xed point is 1. 
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Reall that a rosspolytope is a regular polytope dual to the ube (in
partiular, a 3-dimensional rosspolytope is an otahedron).
Corollary 3.5. Let X be a tori manifold whose assoiated fan is ombi-
natorially equivalent to the fan onsisting of the ones over the faes of a
rosspolytope. Then X is a Bott tower.
Proof. The redued matrix Λ⋆ of X is n×n and all prinipal minors of −Λ⋆
are unit by the same reason as in the proof of Theorem 3.4. By Lemma 3.3,
−Λ⋆ an be onjugated to a unipotent uppper triangular matrix, so Λ is
of the same form as the harateristi matrix of a Bott tower. In the tori
manifold ase, the olumns of Λ are the primitive vetors along the edges of
the fan, so the ombinatorial type of the fan and Λ ompletely determine the
fan. It follows that the fan of X is the same as the fan of a Bott tower, whih
implies that X is a Bott tower by the one-to-one orrespondene between
fans and tori varieties. 
A tori manifold over a ube satises the assumption of Corollary 3.5. It
follows that the lass of Bott towers oinides with the lass of tori manifolds
over a ube, and the rst inlusion in (1.1) is an identity. Like Lemma 3.3,
Corollary 3.5 is a partiular ase of a more general result of Dobrinskaya [15,
Cor. 7℄, whih gives a riterion for a quasitori manifold over a produt of
simplies to be deomposable into a tower of bre bundles.
4. Semifree irle ations
An ation of a group on a topologial spae is alled semifree if it is free
on the omplement to xed points. We rst show (Theorem 4.3 below)
that if the torus Tn ating on a quasitori manifold M over a ube has a
irle subgroup ating semifreely and with isolated xed points, then M is
a Bott tower. Then we prove that all these Bott towers are S1-equivariantly
homeomorphi to a produt of 2-dimensional spheres (with the diagonal S1-
ation).
A omplex n-dimensional representation of S1 is determined by a set of
weights kj ∈ Z for 1 6 j 6 n. In appropriate oordinates, an element
s = e2πiϕ ∈ S1 ats as
(4.1) s · (z1, . . . , zn) = (e
2πik1ϕz1, . . . , e
2πiknϕzn).
The following statement is straightforward.
Proposition 4.1. A representation of S1 in Cn is semifree if and only if
kj = ±1 for 1 6 j 6 n.
A irle subgroup in Tn is determined by an integer primitive vetor ν =
(ν1, . . . , νn):
(4.2) S1ν = {(e
2πiν1ϕ, . . . , e2πiνnϕ)} ⊆ Tn.
We shall onsider the tangential representations of Tn and its irle sub-
groups at xed points of M . The representation of Tn in the tangent spae
τp(M) at a xed point p = Mj1 ∩ . . . ∩Mjn deomposes into the sum of
non-trivial real two-dimensional representations in the normal subspaes νjk
of Mjk . The omniorientation endows eah νjk with a omplex struture,
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therefore identifying it with C and τpM with C
n
. In these oordinates, the
weights of the representation of irle subgroup (4.2) in τpM an be identi-
ed with the oeients ki = ki(ν, p), 1 6 i 6 n, of the deomposition of ν
in terms of λj1 , . . . , λjn :
(4.3) ν = k1(ν, p)λj1 + . . .+ kn(ν, p)λjn
(see, e.g. [17, Lemma 2.3℄).
Corollary 4.2. A subirle S1ν ⊆ T
n
ats on a quasitori manifold M
semifreely and with isolated xed points if and only if for every vertex p =
Fj1 ∩ . . . ∩ Fjn the oeients in (4.3) satisfy ki(ν, p) = ±1 for 1 6 i 6 n.
Theorem 4.3. Let M be a quasitori manifold over a ube with redued
submatrix Λ⋆. Assume that M admits a semifree irle subgroup with isolated
xed points. Then M is equivalent to a Bott tower.
Proof. We may assume by indution that every harateristi submanifold is
a Bott tower, so the determinant of every proper prinipal minor of −Λ⋆ is 1.
Therefore, we are in the situation of Lemma 3.3, and −Λ⋆ is of one of the two
types desribed there. The seond type is ruled out beause of the semifree
assumption. Indeed, assume that Λ = (E | B) where B is matrix (3.7), and
S1ν ⊆ T
n
ats semifreely with isolated xed points. Applying the riterion
from Corollary 4.2 to the vertex p = F1 ∩ . . . ∩ Fn, we obtain νi = ±1 for
1 6 i 6 n. Now apply the same riterion to the vertex p′ = Fn+1 ∩ . . .∩F2n.
Sine the submatrix formed by the orresponding olumns of Λ is exatly B,
we have detB = ±1. This implies that at least one of bi equals ±1, i.e. at
least one of the rows of B onsists only of two ±1's and zeros. Therefore, if all
the oeients ki(ν, p
′) in the expression ν = k1(ν, p
′)λn+1+. . .+kn(ν, p
′)λ2n
are ±1, then at least one omponent νi in the left hand side is even. A
ontradition. 
Our next result shows that a Bott tower with a semifree irle subgroup
and isolated xed points is topologially (or even S1-equivariantly) trivial,
i.e. homeomorphi to a produt of 2-spheres. Let t (respetively, C) denote
the standard (respetively, trivial) omplex one-dimensional S1-representa-
tion. A produt bundle with bre V will be denoted by V . We say that an
ation of a group G on a Bott tower B2n preserves the tower struture if for
eah stage B2k = P (C⊕ξk−1), k 6 n, the line bundle ξk−1 is G-equivariant.
The intrinsi Tn-ation obviously preserves the tower struture.
Theorem 4.4. Assume that a Bott tower B2n admits a semifree S1-ation
with isolated xed points preserving the tower struture. Then B2n is S1-
equivariantly dieomorphi to the produt (P (C⊕ t))n.
Proof. We may assume by indution that the (n − 1)-stage of the Bott
tower is (P (C ⊕ t))n−1 and B2n = P (C ⊕ ξ) for some S1-line bundle ξ over
(P (C⊕ t))n−1.
Let γ be the unique S1-line bundle over P (C⊕ t) ∼= CP 1 whose underlying
bundle is the anonial line bundle and
(4.4) γ|(1:0) = C and γ|(0:1) = t.
Denote by x ∈ H2(P (C ⊕ t)) the rst Chern lass of γ, and let xi ∈
H2(P (C ⊕ t)n−1) be the pullbak of x by the projetion πi onto the i-th
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fator. The rst Chern lass of ξ may then be written as
∑n−1
i=1 aixi with
ai ∈ Z. The S
1
-line bundles ξ and ⊗n−1i=1 π
∗
i (γ
ai) have the same underlying
bundles; so there is an integer k suh that
(4.5) ξ = tk
n−1⊗
i=1
π∗i (γ
ai)
as S1-line bundles, see [10, Cor. 4.2℄.
We enode the xed points of P (C⊕ t)n−1 as (pǫ11 , . . . , p
ǫn−1
n−1 ) where ǫi = 0
or 1 and pǫii denotes (1 : 0) if ǫi = 0 and (0 : 1) if ǫi = 1. It follows from (4.4)
and (4.5) that
ξ|
(p
ǫ1
1
,...,p
ǫn−1
n−1 )
= tk+
Pn−1
i=1 ǫiai .
The S1-ation on B2n = P (C⊕ξ) is semifree if and only if |k+
∑n−1
i=1 ǫiai| = 1
for all possible values of ǫi's. Setting ǫi = 0 for all i we get |k| = 1. Assume
k = 1 (the ase k = −1 is treated similarly). Then (a1, . . . , an−1) = (0, . . . , 0)
or (0, . . . , 0,−2, 0, . . . , 0). In the former ase, ξ = t and B2n = P (C ⊕ ξ) ∼=
P (C ⊕ t)n. In the latter ase we have ξ = tπ∗i (γ
−2) for some i, so that
B2n = P (C ⊕ ξ) is the pullbak of P (C ⊕ tγ−2) by the projetion πi. Sine
for any S1-vetor bundle E and S1-line bundle η the projetivisations P (E)
and P (E⊗η) are S1-dieomorphi, we have P (C⊕tγ−2) ∼= P (γ⊕tγ−1). The
rst Chern lass of γ ⊕ tγ−1 is zero, so its underlying bundle is trivial. The
S1-representation in the bre of γ⊕ tγ−1 over a xed point is C⊕ t by (4.4).
Therefore, γ ⊕ tγ−1 = C ⊕ t as S1-bundles. It follows that P (C ⊕ tγ−2) ∼=
P (C⊕ t), whih nishes the proof. 
Remark. The dieomorphism of Theorem 4.4 is not a dieomorphism of
Tn-manifolds.
Our next aim is to generalise Theorem 4.4 to quasitori manifolds. Al-
though the result does not hold for all quasitori manifolds (see the next
Example), it remains true if we additionally require the quotient polytope
to be a ube.
Example 4.5. Let M be the 4-dimensional quasitori manifold over a 2k-
gon with harateristi matrix of the form
(
1 0 1 0 . . . 1 0
0 1 0 1 . . . 0 1
)
. Corol-
lary 4.2 shows that the irle subgroup determined by the vetor ν = (1, 1)
ats semifreely on M , but the quotient of M is not a 2-ube if k > 2, so M
an not be homeomorphi to the produt of spheres (it may be shown that
M is the onneted sum of k − 1 opies of S2 × S2).
Surprisingly, quasitori manifolds over polygons provide the only essential
soure of ounterexamples, see Theorem 4.8 below for the preise statement.
Lemma 4.6. A simple polytope P of dimension n > 2 all of whose 2-faes
are 4-gons is ombinatorially equivalent to a ube.
Proof. We may assume by indution that all faets of P are ubes, and prove
that P is a ube. The statement an be found in [14, Exerise 0.1℄, but we
inlude the proof for the sake of ompleteness. We shall prove the dual
statement about simpliial polytopes. The simpliial polytope dual to P is
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a rosspolytope; we all its boundary K (whih is a sphere triangulation) a
ross-omplex. Reall that the star of a vertex v in a simpliial omplex K
is the subomplex st v onsisting of all simplies that together with v span a
simplex, and link of v is the subomplex lk v ⊂ st v onsisting of simplies not
ontaining v. The duality between P and K extends to the duality between
the faets of P (whih are (n − 1)-dimensional simple polytopes) and the
links of verties of K (whih are triangulations of (n−2)-spheres). The dual
statement follows from the next lemma (whih is slightly more general, as
we do not assume K to be the boundary of a simpliial polytope there). 
Lemma 4.7. Let K be a onneted simpliial omplex of dimension k > 2.
If the link of eah vertex of K is a rossomplex of dimension k− 1, then K
is a rossomplex.
Proof. Let v be a vertex of K. By the assumption, lk v is a rossomplex of
dimension k − 1, so every vertex p ∈ lk v has a unique vertex q ∈ lk v whih
is not joined to p by an edge in lk v. Still, p and q may be joined by an edge
in K, so we onsider the two ases.
Case 1. Suppose that there is a pair of verties p, q in lk v that are not
joined by an edge in K. Let R be the set of other verties of lk v. The
ardinality of R is 2(k − 1). The link lk p is a rosspolytope, so it has 2k
verties, and ontains v and all elements in R. Sine q is not joined to p by
an edge in K, q is not in lk p; so there is another vertex p′ ∈ lk p, p′ /∈ v∪R.
Similarly, we have q′ ∈ lk q, q′ /∈ v ∪ R. Now take any r ∈ R and onsider
lk r. Sine lk v is a (k− 1)-dimensional rossomplex, r is joined to 2(k − 1)
verties of lk v by edges in lk v. We also know that r is joined to v, p′ and q′.
But sine lk r is also a (k− 1)-dimensional rossomplex, r may be joined to
only 2k verties. Therefore p′ = q′, whih implies that K is a rossomplex.
Case 2. Suppose that every pair of verties in lk v is joined by an edge
in K. This will lead us to a ontradition. Eah vertex u in lk v is joined to
v and all verties in lk v exept u itself. These are all verties joined to u by
edges, beause the number of verties in lku is 2k. This means that any pair
of verties in K is joined by an edge, and that K has exatly 2k+1 verties.
The number of k-simplies meeting at eah vertex is 2k, and a k-simplex has
k+1 verties. So the total number of k-simplies in K is 2k(2k+1)/(k+1).
Now we alulate the total number of k-simplies in K in a dierent way.
Let σ be a k-simplex of K not ontaining v. Then σ ontains a pair of
verties, say p and q, that are not joined by an edge in lk v (otherwise σ
itself must be in lk v, sine lk v is a rossomplex). Let L be the link of p
in lk v. Then L is a rossomplex of dimension k − 2, and it also oinides
with the link of q in lk v. We have that lk p is the join L ∗ {v, q}, beause
both subomplexes have the same vertex sets and both are rossomplexes,
and similarly lk q = L ∗ {v, p}. Sine σ ontains p and q, it follows that
σ = τ ∗ p ∗ q for some (k − 2)-simplex τ ∈ L. Therefore, σ has at least
two faes of dimension (k − 1) in lk v, namely τ ∗ p and τ ∗ q. Neither of
these an be a fae of another k-simplex not ontaining v, beause every
(k − 1)-simplex of K is a fae of exatly two k-simplies by the assumption,
and τ ∗p is also a fae of τ ∗p∗v and τ ∗ q is also a fae of τ ∗ q ∗v. It follows
that the number of k-simplies not ontaining v is no more than half of the
number of (k − 1)-simplies in lk v. The number of k simplies ontaining
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v equals the number of (k − 1)-simplies in lk v. The latter number is 2k,
so the total number of k-simplies in K is 6 2k−1 + 2k, whih is less than
2k(2k + 1)/(k + 1) if k > 2. This ontradition nishes the proof. 
Remark. Another proof of Lemma 4.6 may be given by establishing a non-
degenerate simpliial map from K to a rossomplex. Suh a map is a
topologial (non-ramied) overing of a sphere by a sphere, so it must be an
isomorphism for n > 3. This approah was used in [16℄.
Theorem 4.8. Assume that a quasitori manifold M admits a semifreely
ating subirle with isolated xed points, and every 2-fae of the quotient
polytope P is a 4-gon. Then M is S1-equivariantly homeomorphi to a prod-
ut of 2-dimensional spheres.
Proof. By Lemma 4.6, the orbit polytope is a ube. By Theorem 4.3, M is
equivalent to a Bott tower. Finally, by Theorem 4.4 it is S1-homeomorphi
to a produt of spheres. 
We are also able to dedue the main result of Ilinskii [16℄:
Corollary 4.9. A tori manifold X with a irle subgroup ating semifreely
and with isolated xed points is dieomorphi to a produt of 2-spheres.
Proof. By Theorem 4.4, it sues to show that X is a Bott tower. To do
this we apply Corollary 3.5, that is, we show that the fan orresponding
to X is ombinatorially equivalent to the fan over a rosspolytope. The
semifree irle subgroup ating on X also ats semifreely and with isolated
xed points on every harateristi submanifold Xj of X. Using indution
by dimension and Lemma 4.7 we redue the statement to the omplex 2-
dimensional ase, that is, we need to show that the quotient polytope of a
omplex 2-dimensional tori manifold with a semifree irle subgroup ation
and isolated xed points is a 4-gon. (Note that a omplex 2-dimensional tori
manifold is always projetive, so that we an work with polytopes instead
of fans.) The following ase-by-ase analysis is just a reformulation of the
argument from [16, 3℄; we give it here for the sake of ompleteness.
Let Σ be the fan orresponding to our omplex 2-dimensional tori mani-
fold. The one dimensional ones of Σ orrespond to the faets (or edges) of
the quotient polygon P 2. We need to show that there are exatly 4 of them.
The values of the harateristi funtion on the faets of P 2 are given by the
primitive vetors generating the orresponding one-dimensional ones of Σ.
Let ν be the vetor generating the semifree irle subgroup. We may hoose
the initial vertex p of P 2 so that ν belongs to the 2-dimensional one of Σ
orresponding to p. Then we index the primitive vetors λi, 1 6 i 6 m,
so that ν is in the one generated by λ1 and λ2, and any two onseutive
vetors span a two-dimensional one (see Fig. 1). This provides us with a
rened 2 ×m harateristi matrix Λ. We have λ1 = (1, 0) and λ2 = (0, 1),
and applying the riterion from Corollary 4.2 to the rst one 〈λ1, λ2〉 (i.e.,
to the initial vertex of the polygon), we obtain ν = (1, 1).
Now onsider the seond one. The non-singularity ondition gives us
det(λ2, λ3) = 1, whene λ3 = (−1, ∗). Writing ν = k1λ2+k2λ3 and applying
Corollary 4.2 to the seond one 〈λ2, λ3〉, we obtain
(1, 1) = ±(0, 1) ± (−1, ∗).
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Figure 1.
Therefore, λ3 = (−1, 0) or λ3 = (−1,−2). Similarly, onsidering the last
one 〈λm, λ1〉, we get λm = (∗,−1), and then, applying Corollary 4.2, λm =
(0,−1) or λm = (−2,−1). The ase λ3 = (−1,−2) and λm = (−2,−1) is
impossible as then the seond and the last ones overlap.
Assume λ3 = (−1, 0). Then a similar analysis applied to the third one
〈λ3, λ4〉 shows that λ4 = (0,−1) or λ4 = (−2,−1). Therefore, λ4 = λm
(otherwise ones overlap).
Similarly, if λm = (0,−1), we get λm−1 = (−1, 0) or λm−1 = (−1,−2).
Therefore, λm−1 = λ3.
In any ase, we have m = 4 and P 2 is a 4-gon. This ompletes the
proof. 
Note that the proof above leaves three possibilities for the vetors λ3 and
λ4 of the orresponding 2-dimensional fan: (−1, 0) and (0,−1), or (−1, 0)
and (−2,−1), or (−1,−2) and (0,−1), and the last two pairs are equivalent
by an orientation reversing automorphism of T 2. The orresponding redued
submatries are
(
−1 0
0 −1
)
and
(
−1 −2
0 −1
)
. The rst one orresponds to
CP 1×CP 1, and the seond to a non-trivial Bott tower (Hirzebruh surfae)
with a12 = −2. We nish this setion by determining the lass of matri-
es (2.2) orresponding to our spei lass of Bott towers expliitly, for
arbitrary dimension.
Theorem 4.10. A Bott tower B2n admits a semifree irle subgroup with
isolated xed points if and only if its matrix (2.2) satises the identity
1
2
(E −A) = C1C2 · · ·Cn
where Ck is either a unit matrix or a unipotent upper triangular matrix with
only one non-zero element cikk = 1 in the k-th olumn o the diagonal, for
1 6 k 6 n.
Proof. First assume that B2n admits a semifree irle subgroup with isolated
xed points. We have two sets of multipliative generators for H∗(B2n): the
set {u1, . . . , un} from Lemma 2.1, satisfying (2.1), and the set {x1, . . . , xn},
satisfying x2i = 0, 1 6 i 6 n. The redued sets with i 6 k an be onsidered
as the orresponding sets of generators for the k-th stage B2k. As it is lear
from the proof of Theorem 4.4, we have c1(ξk−1) = −2cikkxik for some ik < k,
SEMIFREE CIRCLE ACTIONS, BOTT TOWERS, AND QUASITORIC MANIFOLDS 17
where cikk = 1 or 0. From u
2
k + 2cikkxikuk = 0 we get xk = uk + cikkxik . In
other words, the transition matrix Ck from the basis x1, . . . , xk−1, uk, . . . , un
of H2(B2n) to x1, . . . , xk, uk+1, . . . , un may have only one non-zero entry
o the diagonal, whih is cikk. The transition matrix from u1, . . . , un to
x1, . . . , xn is therefore the produt D = C1C2 · · ·Cn (note that C1 is the
unit matrix as x1 = u1). Then D = (djk) is a unipotent upper triangular
matrix onsisting of zeros and units, we have xk =
∑n
j=1 djkuj , and
0 = x2k =
(
uk +
∑k−1
j=1 djkuj
)2
= u2k + 2
∑k−1
j=1 djkujuk + . . . , k = 1, . . . , n.
On the other hand, 0 = u2k −
∑k−1
j=1 ajkujuk by (2.1). Comparing the oef-
ients of ujuk for 1 6 j 6 k − 1 in the last two equations and noting that
these elements form a basis of the quotient spae H4(B2k)/H4(B2(k−1)), we
obtain 2djk = −ajk for 1 6 j < k 6 n. As both D and −A are unipotent
upper triangular matries, this implies 2D = E −A, as needed.
On the other hand, if A satises E − A = 2C1C2 · · ·Cn, then for the
orresponding Bott tower we have ξk−1 = π
∗
ik
(γ−2cikk). Therefore we may
hoose a irle subgroup in suh a way that ξk−1 beomes tπ
∗
ik
(γ−2cikk) as
an S1-bundle, for 1 < k 6 n. This irle subgroup ats semifreely and with
isolated xed points by the same argument as in the proof of Theorem 4.4.

Example 4.11. It follows from Theorem 4.10 that if a Bott tower admits
a semifree irle subgroup with isolated xed points, then matrix (2.2) may
have only 0 or −2 entries above the diagonal. However, the ondition of
Theorem 4.10 is stronger. For n = 3, the matrix
A =

−1 0 −20 −1 −2
0 0 −1


does not our for our lass of Bott towers (sine (E − A)/2 annot be
deomposed as C1C2C3), while any other matrix with 0 or −2 above the
diagonal ours. For example, if
A =

−1 −2 −20 −1 0
0 0 −1

 ,
then we have
1
2
(E −A) =

1 1 10 1 0
0 0 1

 =

1 0 00 1 0
0 0 1



1 1 00 1 0
0 0 1



1 0 10 1 0
0 0 1

 .
It is lear that not every Bott tower homeomorphi to a produt of spheres
admits a semifree subirle ation with isolated xed points (the latter on-
dition is stronger even for n = 2). We shall onsider the lass of Bott towers
that are homeomorphi to a produt of spheres in the next setion.
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5. Topologial lassifiation and ohomology
The following statement shows that Bott towers dieomorphi to produts
of spheres an be deteted by their ohomology rings, thereby providing a
partial answer to Problem 2.3:
Theorem 5.1. A Bott tower B2n is dieomorphi to (CP 1)n if H∗(B2n) ∼=
H∗((CP 1)n) as rings.
Proof. From Lemma 2.1 we get
H∗(B2n) = H∗
(
B2n−2
)
[un]
/(
u2n − c1(ξn−1)un
)
.
We may therefore write any element of H2(B2n) as x + bun where x ∈
H2(B2n−2) and b ∈ Z. Sine
(x+ bun)
2 = x2 + 2bxun + b
2u2n = x
2 + b(2x+ bc1(ξn−1))un,
the square of x + bun with b 6= 0 is zero if and only if x
2 = 0 and 2x +
bc1(ξn−1) = 0. This shows that the elements x + bun with b 6= 0 whose
squares are zero span a rank-one subgroup in H2(B2n).
By assumption, there is a basis {x1, . . . , xn} of H
2(B2n) suh that x2i = 0
for all i. By the observation above, we may assume that x1, . . . , xn−1 are
in H2(B2n−2). Beause {x1, . . . , xn} is a basis, xn is not in H
2(B2n−2) and
we may assume xn =
∑n−1
i=1 bixi + un with some bi ∈ Z. A produt of the
form
∏
i∈I xi, where I is a subset of {1, . . . , n}, belongs to H
∗(B2n−2) if
and only if n /∈ I. This shows that H∗(B2n−2) is generated by x1, . . . , xn−1
and has the same ohomology ring as (CP 1)n−1. Therefore, we may assume
B2n−2 ∼= (CP 1)n−1 by indution.
Writing c1(ξn−1) =
∑n−1
i=1 aixi, we see that
0 = x2n =
(
un +
∑n−1
i=1 bixi
)2
=
∑n−1
i=1 (ai + 2bi)xiun +
(∑n−1
i=1 bixi
)2
.
This may hold only if at most one ai is non-zero beause xixj (i < j) and xiun
form an additive basis of H4(B2n). Therefore, ξn−1 is the pullbak of γ
−2bi
over CP 1 by a projetion B2n−2 = (CP 1)n−1 → CP 1. Sine P (C⊕ γ−2bi) is
a produt bundle (see Example 2.2), so is B2n = P (C⊕ ξn−1). 
We an now also eetively desribe the lass of matries (2.2) orrespond-
ing to Bott towers whih are dieomorphi to a produt of 2-spheres.
Theorem 5.2. A Bott tower B2n is dieomorphi to (CP 1)n if and only if
the orresponding matrix (2.2) satises the identity
1
2
(E −A) = C1C2 · · ·Cn
where eah Ck is a unipotent upper triangular matrix whih may have only
one non-zero element in the k-th olumn o the diagonal, for 1 6 k 6 n.
Proof. We use the same argument as in the proof of Theorem 4.10. The
only dierene is that cikk in c1(ξk−1) = −2cikkxik may now be an arbitrary
integer. 
In the rest of this setion we generalise the result of Theorem 5.1 to ar-
bitrary quasitori manifold, but only in the topologial ategory (see Theo-
rem 5.7).
SEMIFREE CIRCLE ACTIONS, BOTT TOWERS, AND QUASITORIC MANIFOLDS 19
We start by analysing the algebrai struture of the ohomology of qua-
sitori manifolds over a ube. Although it is possible to make this analysis
over Z, it is more onvenient for our purposes to redue the oeients mod-
ulo 2. Let S be a graded algebra over Z/2 generated by degree one elements
x1, . . . , xn. We refer to S as a Bott quadrati algebra (simply BQ-algebra) of
rank n if it satises the following two two properties:
(P1) x2k =
∑
i<k aikxixk with aik ∈ Z/2 for 1 6 k 6 n. (In partiular,
x21 = 0.)
(P2)
∏n
i=1 xi 6= 0.
If B2n is a Bott tower, then (2.1) implies that H∗(B2n;Z/2) is a BQ -
algebra with the degree doubled, whih explains our terminology. Our ar-
guments below work for a wider lass of algebras with (P1) replaed by the
weaker property:
(P1') x2k =
∑
i<j6k aijkxixj with aijk ∈ Z/2 for 1 6 k 6 n.
Beause of (P1) we an express any element of S as a linear ombination of
square-free monomials. We denote suh a monomial xi1 . . . xis by xI , where
I = {i1, . . . , is}.
Lemma 5.3. The elements xI for all subsets I ∈ {1, . . . , n} form an ad-
ditive basis of S. In partiular, dimSq =
(
n
q
)
where Sq denotes the graded
omponent of degree q.
Proof. (P1) implies that the set {xI} additively generates S. We order mono-
mials xI using the inverse lexiographial order on subsets of {1, . . . , n}.
Namely, if I = {i1, . . . , is} with i1 < . . . < is and similarly J = {j1, . . . , js},
then we set xI < xJ if ik < jk and iq = jq for k + 1 6 q 6 s.
Suppose that there is a non-trivial linear relation for xI , and let xJ be the
maximal monomial appearing in this relation. Then we may use the relation
to replae the subfator xJ in
∏n
i=1 xi, and then use (P1) repeatedly when-
ever x2k appears, until we end up at zero. This ontradits (P2). Therefore,
there are no non-trivial linear relations among xI 's. 
Lemma 5.4. Suppose we have a surjetive graded homomorphism f from S
to a graded algebra S′ over Z/2 satisfying S′n−1 6= 0. Then the dimension of
the kernel of f : S1 → S
′
1 is at most one. Moreover, if the dimension of the
kernel is exatly one, then S′ is a BQ-algebra of rank n− 1.
Proof. We denote f(xi) by x¯i. Then (P1) holds for x¯1, . . . , x¯n. Suppose the
dimension of the kernel is at least two. Then there exist p > q > 1 suh that
(5.1) x¯p =
∑
i<p
bix¯i, x¯q =
∑
j<q
cj x¯j
where bi, cj ∈ Z/2. By Lemma 5.3, Sn−1 is generated by the elements xI
with |I| = n−1. We shall show that x¯I = 0 for any suh I, whih ontradits
the assumption S′n−1 6= 0.
First assume q > 2. Sine |I| = n − 1, I ontains p or q. We replae x¯p
and x¯q in x¯I by (5.1) and use (P1) repeatedly whenever x¯
2
k appears. We end
up at zero.
If q = 1, i.e., x¯1 = 0, then it sues to see that x¯I = 0 for I = {2, 3, . . . , n}.
We replae x¯p in x¯I by (5.1) and use (P1) repeatedly whenever x¯
2
k appears
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for k > 2. Then eah term in the nal expression ontains a fator x¯1, whih
is zero.
Now we prove the seond statement of the lemma. By the assumption,
the elements x¯i satisfy a non-trivial linear relation. Let x¯j be the maximal
element appearing in this relation. We an eliminate x¯j in S
′
using this
linear relation and (P1). Then (P1) holds for x¯i's with i 6= j. Therefore,
S′n−1 is generated by
∏
i 6=j x¯i. This element is non-zero beause S
′
n−1 6= 0.
This proves that S′ is a BQ-algebra of rank n− 1. 
Theorem 5.5. Let M be a quasitori manifold with the quotient polytope P .
Then H2∗(M ;Z/2) is a BQ-algebra of rank n if and only if P is an n-ube.
Proof. Assume that P is an n-ube. Sine every prinipal minor of Λ⋆ is 1
modulo 2, we dedue that Λ⋆ is onjugate to a unipotent upper triangular
matrix by the same argument as in the proof of Lemma 3.3. (Matrix (3.7)
in whih all bi are non-zero modulo 2 for 1 6 i 6 n annot our beause
its determinant is zero modulo 2.) Then it follows from from (3.4) that
H2∗(M ;Z/2) is a BQ-algebra of rank n.
Now assume that H2∗(M ;Z/2) is a BQ-algebra. Let br(M) denote the
r-th Betti number of M , and let fs(P ) denote the number of faes of P of
odimension s+ 1. Then
b2(M) = f0(P )− n, b4(M) = f1(P )− (n− 1)f0(P ) +
(
n
n− 2
)
(see [7, Th. 3.1℄), and we obtain from Lemma 5.3 that
(5.2) f0(P ) = 2n, f1(P ) = 2n(n− 1).
For every harateristi submanifold Mi the restrition map
H∗(M ;Z/2) → H∗(Mi;Z/2) is surjetive [12, Lemma 2.3℄. It follows
from Lemmas 5.3 and 5.4 that b2(Mi) > b2(M)− 1 = n− 1. Therefore,
(5.3) f0(Fi) = (n − 1) + b2(Mi) > 2(n − 1),
where Fi denotes the faet orresponding to Mi, and
f1(P ) =
1
2
2n∑
i=1
f0(Fi) > 2n(n− 1).
Comparing this with (5.2) we obtain that the equality holds in (5.3) for every
i, that is, b2(Mi) = n − 1. This implies that the kernel of H
2(M ;Z/2) →
H2(Mi;Z/2) is one-dimensional, so H
2∗(Mi;Z/2) is a BQ-algebra of rank
n− 1 by Lemma 5.4. This enables us to use indution on n.
When n = 2, equations (5.2) imply that P is ombinatorially a square.
Suppose that the theorem holds for n−1 with n > 3. Sine H2∗(Mi) is a BQ -
algebra of rank n−1, every faet of P is an (n−1)-ube; in partiular, every
2-fae of P is a square. Then P is an n-ube by virtue of Lemma 4.6. 
Lemma 5.6. LetM be a quasitori manifold over an n-ube. If H∗(M ;Q) ∼=
H∗((CP 1)n;Q) as rings, then M is equivalent to a Bott tower.
Proof. By the assumption, there are elements y1, . . . , yn in H
2(M ;Q) gen-
erating H∗(M ;Q) and satisfying y2i = 0 for 1 6 i 6 n. Let Mi ⊂ M be
a harateristi submanifold, and denote the restrition of yk to H
2(Mi;Q)
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by y¯k. Then y¯1, . . . , y¯n generate H
∗(Mi;Q) as a ring beause H
∗(M ;Q) →
H∗(Mi;Q) is surjetive. Sine b2(Mi) = n − 1, there is a non-trivial linear
relation for the elements y¯k. Using this linear relation, we an eliminate one
generator, say y¯n, and get a surjetive map Q[y¯1, . . . , y¯n−1]/(y¯
2
1 , . . . , y¯
2
n−1)→
H∗(Mi;Q). Sine the dimensions of omponents of degree 2q in both rings
equal
(
n−1
q
)
, the surjetive map is an isomorphism. Therefore, H∗(Mi;Q) ∼=
H∗((CP 1)n−1;Q), so we may use an indution argument and assume that
every Mi is a Bott tower.
Let Λ⋆ be the redued submatrix of M . It follows from Lemma 3.3 that
−Λ⋆ is onjugate to a unipotent upper triangular matrix or to matrix (3.7)
with non-zero entries bi for 1 6 i 6 n. It sues to exlude the latter.
Suppose that −Λ⋆ is given by (3.7). Then det(−Λ⋆) = −1, that is,
(5.4)
n∏
i=1
bi = (−1)
n2.
Using (3.4), we obtain
H∗(M) = Z[x1, . . . , xn]
/(
x1(x1 + b1x2), x2(x2 + b2x3), . . . , xn(bnx1 + xn)
)
,
where we set xi = vi+n for 1 6 i 6 n. By the assumption, there is a non-zero
element x ∈ H2(M,Q) whose square is zero. Write x =
∑n
i=1 aixi for some
ai ∈ Q, then
0 =
( n∑
i=1
aixi
)2
=
n∑
i=1
a2i x
2
i + 2
∑
i<j
aiajxixj
= −a21b1x1x2 − a
2
2b2x2x3 − . . . − a
2
nbnxnx1 + 2
∑
i<j
aiajxixj,
whih implies that
(5.5) a21b1 = 2a1a2, a
2
2b2 = 2a2a3, . . . , a
2
nbn = 2ana1.
Suppose ai 6= 0 for every i. Multiplying the identities above, we obtain∏n
i=1 bi = 2
n
, whih ontradits (5.4). Therefore ai = 0 for some i, but
this together with (5.5) implies that ai = 0 for every i. This ontradits
the assumption that x =
∑n
i=1 aixi 6= 0. Therefore, (3.7) annot our as a
redued harateristi matrix, and M is a Bott tower. 
We are now ready to prove our nal promised result.
Theorem 5.7. A quasitori manifold M is homeomorphi to (CP 1)n if and
only if H∗(M) ∼= H∗((CP 1)n) as rings.
Proof. Sine H∗((CP 1)n;Z/2) is a BQ-algebra of rank n, the quotient poly-
tope of M is an n-ube by Theorem 5.5. Then M is a Bott tower by
Lemma 5.6. Finally, M is homeomorphi to (CP 1)n by Theorem 5.1. 
We nish by proposing the following quasitori analogue of Problem 2.3.
Problem 5.8. Does an isomorphism of rings H∗(M1) ∼= H
∗(M2) imply a
homeomorphism of quasitori manifolds M1 and M2?
22 MIKIYA MASUDA AND TARAS PANOV
Referenes
[1℄ Raoul Bott and Hans Samelson. Appliation of the theory of Morse to symmetri
spaes. Amer. J. of Math. 80 (1958), 9641029.
[2℄ Vitor M. Buhstaber and Taras E. Panov. Torus Ations and Their Appliations in
Topology and Combinatoris. University Leture Series, vol. 24, Amer. Math. So.,
Providene, R.I., 2002.
[3℄ Vitor M. Buhstaber, Taras E. Panov and Nigel Ray. Spaes of polytopes
and obordism of quasitori manifolds. Mosow Math. J. 7 (2007), no. 2;
arXiv:math.AT/0609346.
[4℄ Vitor M. Buhstaber and Nigel Ray. Tangential strutures on tori manifolds,
and onneted sums of polytopes. Internat. Math. Res. Noties 4 (2001), 193219;
arXiv:math.AT/0010025.
[5℄ Suyoung Choi, Mikiya Masuda and Dong Youp Suh. Quasi-tori manifolds and small
overs over a produt of simplies. In preparation, 2007.
[6℄ Yusuf Civan and Nigel Ray. Homotopy deompositions and K-theory of Bott towers.
K-Theory 34 (2005), no. 1, 133.
[7℄ Mihael W. Davis and Tadeusz Januszkiewiz. Convex polytopes, Coxeter orbifolds
and torus ations. Duke Math. J. 62 (1991), no. 2, 417451.
[8℄ Mihael Grossberg and Yael Karshon. Bott towers, omplete integrability, and the
extended harater of representations. Duke Math. J. 76 (1994), 2358.
[9℄ Akio Hattori. Sympleti manifolds with semi-free Hamiltonian S
1
-ation. Tokyo J.
Math. 15 (1992), no. 2, 281296.
[10℄ Akio Hattori and Tomoyoshi Yoshida. Lifting ompat group ations in ber bundles.
Japan. J. Math. 2 (1976), 1325.
[11℄ Mikiya Masuda. Unitary tori manifolds, multi-fans and equivariant index. Tohoku
Math. J. (2) 51 (1999), no. 2, 237265.
[12℄ Mikiya Masuda and Taras Panov. On the ohomology of torus manifolds. Osaka J.
Math. 43 (2006), 711746; arXiv:math.AT/0306100.
[13℄ Susan Tolman and Jonathan Weitsman. On semifree sympleti irle ations with
isolated xed points. Topology 39 (2000), no. 2, 299309.
[14℄ Gunter M. Ziegler. Letures on polytopes. Graduate Texts in Mathematis, vol. 152,
Springer-Verlag, New York, 1995.
[15℄ Í.Ý. Äîáðèíñêàÿ. Ïðîáëåìà êëàññèèêàöèè êâàçèòîðè÷åñêèõ ìíîãîîáðàçèé íàä
çàäàííûì ïðîñòûì ìíîãîãðàííèêîì. Ôóíêö. àíàëèç è åãî ïðèë. 35 (2001), âûï. 2,
311 (in Russian). English translation: Natalia Dobrinskaya. Classiation problem
for quasitori manifolds over a given simple polytope. Funt. Anal. Appl. 35 (2001),
no. 2, 8389.
[16℄ Ä. . Èëüèíñêèé. Î ïî÷òè ñâîáîäíîì äåéñòâèè îäíîìåðíîãî òîðà íà òîðè÷åñêîì
ìíîãîîáðàçèè. Ìàò. Cáîðíèê 197 (2006), âûï. 5, 5174 (in Russian). English trans-
lation: Dmitri Ilinskii. On the almost free ation of one-dimensional torus on a tori
variety. Sbornik Math. 197 (2006), no. 5, 681703.
[17℄ Ò.Å. Ïàíîâ. îäû Õèðöåáðóõà ìíîãîîáðàçèé ñ äåéñòâèåì òîðà. Èçâ. ÀÍ, ñåð.
ìàòåì 65 (2001), âûï. 3, 123138 (in Russian). English translation: Taras E. Panov.
Hirzebruh genera of manifolds with torus ation. Izvestiya. Math., 65 (2001), no. 3,
543556; arXiv:math.AT/9910083.
Department of Mathematis, Osaka City University, Sumiyoshi-ku, Osaka
558-8585, Japan
Department of Geometry and Topology, Faulty of Mathematis and Me-
hanis, Mosow State University, Leninskiye Gory, Mosow 119992, Russia
E-mail address: masudasi.osaka-u.a.jp
E-mail address: tpanovmeh.math.msu.su
